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Abstract: Investigated in this paper is an insurance risk model with a constant interest force and the 
claim process being driven by an entrance process. Under the conditions that the entrance 
process is a renewal process and the claim size is of regularly varying tailed, the asymptotic 
behavior for the ruin probability as the initial capital tends to infinity is obtained. A similar 
result also holds for the case that the entrance process is a homogeneous Poisson process. 
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1 = Introduction 


Asymptotic behavior of the ruin probabilities for the insurance risk model is a hot topic 
in the insurance and actuarial science. In the classical non-life insurance risk model, i.e. the 
Cramér-Lundberg model, the surplus process is stated as 


U(t)=u+ct — S(t), (1) 
where u > 0 is the initial capital of the insurance company, c > 0 is the premium income rate 
and 

M(t) 
si)= 0% 
j=l 


is the total claim amount, in which M (t) is the claim number process which is modelled by a 
homogeneous Poisson process and Y; is the j-th claim size satisfying that Y;, j = 1,2,---, are 
iid. random variables. 

The ruin probability for the model (1) is defined as 


yulu) = P(, inf UW) <0|U@) = u). (2) 
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As the initial capital u tends to infinity, the asymptotic behavior of the ruin probability Yy (u) 
has been investigated by Cramér and Lundberg in 1930’s, see, for example, [1]. 

With the development of science and technology, the classical insurance risk model has more 
and more extensions, one of which is about the extension of the claim size. The claim size can 
be generalized to a general non-negative random variable. Among the class of such kind of 
random variables, the heavy-tailed distributed variables is a typical one. For the case that the 
claim size is of subexponential, under certain conditions, the asymptotic behavior of the ruin 
probability ~y(u) as u — oo has been investigated by Embrechts and Veraverbeke (([2]). 

Another extension of the classical Cramér-Lundberg model is that the insurance company 
could invest its money into the riskless bond and receives interest on its reserve. Suppose that 
the constant force of the interest is 6 > 0. Then the surplus process can be written as 


t t 
U? (t) = ue% + ef efsds -f eX (t- dS(v). (3) 
0 0 

Apparently, the classical model is a special case of 6 = 0 in this formula. The ruin probability 
yë (u) for the model (3) is defined similarly to that of yy(u). Asymptotic results for the ruin 
probabilities y, (u) under the condition that the claim size is of light-tailed has been investigated 
by Sundt and Teugels ([3]). For the case that the claim size is a regularly varying tailed random 
variable, which belongs to a subclass of the heavy-tailed random variables, similar behavior has 
been studied by Kliippelberg and Stadtmiiller ({4], see also [5-7]) and these results have been 
extended to the case of renewal processes in [8]. 

In the classical risk model and all its extensions, the premium processes are looked at from a 
macro point of view. As a matter of fact, a practical point is to assume that the claim number 
process should be driven by the entrance process, which is actually the arriving process of the 
insurants. Based on this idea, a new non-life insurance risk model has been presented in [9], 
which can be regarded as a martingale perturbed version of the generalization of the Cramér- 
Lundberg risk model. Some limiting results for the new risk model have been obtained by the 
authors. 

Given the insurance risk model in [9], a natural and interesting question is to investigate its 
ruin probability. Such a work has been done in [10], in which the author considered a particular 
entrance processes based risk model and gave the infinite-time ruin probability under the con- 
dition that the claim size is of light-tailed. For the case that the claim size is of subexponential, 
a simply asymptotic behavior for the finite-time ruin probability is established recently in [11]. 
In this paper, we consider the infinite-time ruin probability under the condition that the distri- 
bution function of the claim size is of regularly varying tailed and give an asymptotic behavior 
of the ruin probability. Our assumptions on the claims are applied, for instance, to Pareto, 
loggamma, certain Benktander and stable claim size distributions. The paper is organized as 
the following, Section 2 gives the description of the model. The main results and its proofs will 
be presented in Section 3. 


2 Model description 


Let u > 0 be the initial capital of an insurance company, and S; be the arrival point of the 
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j-th insurant and 0 < 5S; < Sp <---. The associated counting process 


oo 
No(t) = $ lissi) 
j=l 
counts the number of arrival insurants up to time t, which is intepreted as the entrance process. 

We suppose that the insurance company provides K different policies, the validity times of 
which are 0 < ay < az < --- < ax. Upon the arrival, the j-th insurant will choose a policy with 
the validity time C; with probability P(C} = ag) = pe, £ = 1,2,--- , K. The insurer charges 
a premium f(C;) for the j-th policy according to its validity time. f(-) is supposed to be a 
strictly increasing positive deterministic function. 

Let T; be the time period from the epoch at which the j-th customer buys a policy to the 
epoch he/she suffers a loss insured against it. Tj, j = 1,2,--- are supposed to be i.i.d. with 
the common distribution function G(-). It is easy to see that the following point process is the 
number of claims up to time t, 


No(t) 
N(t) = D 1(5,47)AC}<t,7)<Cj}> (4) 
j=l 
where aAb = min{a,b}. Let Y; be the j-th possible claim size and suppose that Y;, j = 1,2,--- 
are i.i.d. with the common distribution function F(-). Under the assumption that the insurer 
incurring more than one claims from one policy is small enough to be neglected, then the surplus 
process of the company can be written as the following! 


No(t) No(t) 
R(t) =u+ 5 f(C;)-— D Yjlesja7jacj<t,7;<c;}» t20, 
j=1 j=1 


where {Cj,j > 1}, {7,7 > 1}, {Yj j = 1} and {9}, j > 1} are supposed to be independent 
families of random variables. Note that for the convenience in the following, we suppose that 
random variables C, T and Y have the same distributions as the common ones of {C}, j > 1}, 
{Tj,j > 1} and {Y}, j > 1}, respectively. 

Suppose that the insurance company invests all its assets into bank and receives interest on 
its reserve. We assume that the interest rate is a constant 6 > 0, then the total surplus of the 
company up to time t, denoted by R*(t), can be written as 


No(t) Nao(t) 
R?(t) = ue” + D ONGNI E > Yjet- SDs 4TAC tT <0} 
jl j=l 


The definition of the ruin probability ~,(u) is similar to that in (2). The purpose of this 
paper is to investigate the asymptotic behavior of the ruin probability ¥3(u) as u tends to 
infinity under the condition that the claim size is of regularly varying tailed distributed. 

If F(z) is a distribution function, then we say that F(x) = 1 — F(z) is a regularly varying 
with index a € R, denoted by F € Ra, if 


F(zt) 


li = =i : 
Jim, F(z) , Vt>0 
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It implies from [4] that if F € Ra, then there is some slowly varying function L(-) such that 
F(a) = «*L(z). (5) 


It is evidently that a in formula (5) should be negative. For the simplicity in the following, if H 
is the distribution function of a random variable X and H € Rg, then we also write X € Ra if 
it doesn’t make any ambiguity. Note that a random variable with regularly varying tailed is of 
heavy-tailed. As a subclass of subexponential random variables, the class of regularly varying 
function includes the following distribution functions as its special cases: Pareto, loggamma, 
certain Benktander and stable claim size distribution (see, e.g., [4] and [12] for details). 

Before ending this section, let’s give a proposition on the selected point process {N (t), t > 0} 
defined in (4) under the condition that the entrance process is a Poisson process. 

Proposition 1 Suppose that {No(t),t > 0} is a homogeneous Poisson process with inten- 
sity À > 0, then the selected claim number process {N (t), t > 0} is a non-homogeneous Poisson 
process with the intensity function given by 


K 
A(t) = AG(t) SS pG (az). 


f=1 


Proof From the queueing theory point of view, {N(t),t > 0} is actually the departure 
process of an M/G/co queueing system. Since each customer is selected with probability 


P(T <C)= Y rele 


it implies from the properties of Poisson process that the practical arrival process is a Poisson 
process with the intensity given by 


K 
À 5 peG(ag). 
f=) 


The conclusion of example 2-5-1 in [13] gives the result of this proposition. This completes the 
proof. 


3 Main results and its proofs 


Here is the main result. 

Theorem 1 Let {No(t),t > 0} be a renewal process, the i.i.d. interarrival time of which 
is {D;,i > 1} with the commonly non-negative distributed random variable being denoted by 
D. In addition, let the claim size Y is of regularly varying tailed, i.e. F € Ra for some a < 0, 


then we have that 
BEe ôaD _ 
phlu) ~ el (u), 


where 
K ae 
B= dor f e*°dG(s) 
f=1 0 


is a constant. 
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Note that if we define the discounted value of R°(t) as the following 


Ve(t) 


R? (tje?! 


No(t) 


= u+ y (FC es = Yje SHT I S ATAC stT <0; 
j=l 


then it is easy to see that ¥3(u) = y% (u) for each u > 0. We will use this process and 
the proving method of Theorem 1 in [8] to investigate the asymptotic behavior of the ruin 
probability. Before proving the main theorem, let’s give a lemma which will play a key role in 
the procedure of the proof. 


Lemma 1 Let the claim size Y be a random variable of regularly varying tailed with index 
a < 0, then Ylyr<cye* E Ra, Moreover, 


P(Ylir<oze T > x) ~BP(Y >z), as t—- 0, 


where 3 is the same constant as that in Theorem 1. 


Proof Since F € Ra, there is a slowly varying function L(-) such that F(x) = «~*L(z), 
x > 0. It implies from the case (b) of Theorem A3.2 in [12] that 


uniformly in t on the interval [1, e°¢* ], therefore, from the dominated convergence theorem we 
have that 


K ae 
P(Ylr<cye* > 2) = So pe f P(Y > ze?)dG(s) 
&=1 “0 


ae 
0 


K 
=p f (we®*)*L(xe%)dG(s) 
é=1 


K ae 
~ a°L (2) Y pe f e°%®sdG(s) = Ba* L(x). 
é=1 0 


The proof is completed. 
Proof of Theorem 1 From the definition of V°(u), it is easy to see that 


co 
Vi(t) ZA doe 45, hr <o} 
j=1 


Recall the properties of renewal processes, using Lemma 1 in [8], Lemma 1 and the above 
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inequality, we have 


A 


Yå (u) = p(X ets (Yjlyrj<cje°”) > u) 


&. 
Il 
m 


BF(u) S> Bet8(P:+Dat-+Dn) 


n=1 
Ee 6aD _ 
(u) (Bers? yn = FBC Fu), 
n=1 
The definition of V°(u) also implies that 
oo No(t) 
Vè (u) <ut+ 5 f(C5)e7 3° i D eT HSY Teg prc; <t,T)<Cy}s 
j=l j=l 
from which we have that 
No(t) 
ws, (u) > P( D e (D+Sp0y, 91(5;47)AC;<t,T;<C;} — SHC; je7°5i > u for some t> 0) 
Jei j=1 


(ee) 


02, 55 (Yje Ler, <o,} — £(Cy)) > u). 


: 


To complete the proof of the theorem, it is sufficient to prove that 
P(Ye T 1r<c} = f(C) > u) ~ P(Y1ir<oze T > u), 


which can be obtained from the fact that Ylyr<cye ?T E Ra C L, the class of random variables 
with long tailed distributions (see [12] for details), and f(ai) < f(C) < f(ax). This completes 
the proof. 

It implies from Theorem 1 that we have the following corollary. 

Corollary 1 Under the conditions in Theorem 1, if the entrance process {No(¢),t > 0} is 
a homogeneous Poisson process with intensity À > 0, then we have that 

ô 
vhu ~ gP, 

where £ is the same constant as defined in Theorem 1. 

Proof If{No(t),t > 0} is a homogeneous Poisson process with intensity À > 0, then the 
random variable D, the interarrival time of the renewal process, is of exponential distributed 
with the parameter given by À. Straightforward calculation indicates that 


Fee? = 


A -— 6a’ 


which completes the proof. 


1132 CHINESE JOURNAL OF ENGINEERING MATHEMATICS VOL. 26 


References: 


[1] 
[2] 


[3] 


[12] 
[13] 


H 


Grandell J. Aspects of Risk Theory[M]. New York: Springer-Verlay, 1991 

Embrechts P, Veraverbeke N. Estimates for the probability of ruin with special emphasis on the possibility 
of large claims[J}]. Insurance: Mathematics and Economics, 1982, 1(1): 55-72 

Sundt B, Teugels J L. Ruin estimates under interest force[J]. Insurance: Mathematics and Economics, 1995, 
16(1): 7-22 

Kluppelberg C, Stadtmuller U. Ruin probabilities in the presence of heavy-tails and interest rates(J]. Scan- 
dinavian Actuarial Journal, 1998, 1998(1): 49-58 

Asmussen S. Subexponential asymptotics for stochastic processes: extremal behavior, stationary distribu- 
tions and first passage probabilities[J]. Annals of Applied Probability, 1998, 8(2): 354-374 

Kalashnikov V, Konstantinides D. Ruin under interest force and subexponential claims: a simple treat- 
ment[J]. Insurance: Mathematics and Economics, 2000, 27(1): 145-149 

Konstantinides D, et al. Estimates for the ruin probability in the classical risk model with constant interest 
force in the presence of heavy tails[J]. Insurance: Mathematics and Economics, 2002, 31(3): 447-460 
Tang Q. Asympototic ruin probabilities of the renewal model with constant interest force and regular 
variation[J]. Scandinavian Actuarial Journal, 2005, 2005(1): 1-5 

Li Z H, et al. Study of a risk model based on the entrance process[J]. Statistics and Probability Letters, 
2005, 72(1): 1-10 

Xiao H M. The ruin probability of a multi-type insurance risk model (in Chinese)(J]. Journal of Northwest 
Normal University, 2006, 42(5): 10-13 

Xiao H M, et al. The finite time ruin probability of a new risk model based on entrance process[R]. Research 
Report, Submitted, 2007 

Embrechts P, et al. Modelling Extremal Events[M]. Berlin: Springer-Verlay, 1997 

Deng Y L, Liang Z S. Stochastic Point Processes and Their Applications (in Chinese)[M]. Beijing: Science 
Press, 1998 


BTHATERA PASM EUS LAB RBH MAREE 
HSR ED? 
(1- AMEKAA 5 BEBE, =J 730070; 2- WAREK ZE Y, K 210003) 
EB AMHR REAA, FEREALE RAR RRR. EALE 


EPR R RG EMME P, BEIT SRA T AN, WARKA, X 
MR EMT Past A ER EF RE PS BH th BP a. 
KRA: HU; EWR: BE: RE, BE, Wee 


